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Superelastic and Shape Memory Effects in Laminated
Shape-Memory-Alloy Beams
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A simple shape-memory-alloy (SMA) model to simulate the superelastic behavior as well as the shape memory
effect is proposed. It considers only the transformations from austenite to single-variant martensite and from
single-variant martensite to austenite, taking into account the influence of the temperature in the constitutive
relationship. The proposed SMA constitutive model is employed in a novel layerwise beam theory to develop new
SMA beam finite element models with suitable interpolation of the field variables involved. The finite element
models developed herein account for the time evolution SMA constitutive equations. In particular, the developed
finite elements treat the SMA material as reinforcement of elastic beams. Several applications are presented to
assess the validity of the constitutive model and the proposed numerical procedure.

I. Introduction

HE constitutive behavior of shape memory alloys (SMA)

presents very special features. In particular, because of the
austenite-martensiteand martensite-austenite transformations gov-
erned by the temperature and the stress state, they can undergo large
deformations,exhibiting the so-called superelasticbehaviorand the
shape memory effect. The superelastic behavior occurs when, for a
fixed value of the temperature, the material recoversits natural state
after a loading-unloading stress cycle. The shape memory effect
occurs when an inelastic strain is present after a loading-unloading
stress cycle; this inelastic strain can be recovered by a further tem-
perature cycle.

Because of the very special material behavior, SMA materials are
successfullyemployedin many high-techapplications;for example,
they are adopted as orthodontic wires, self-expanding microstruc-
tures in the treatment of blood vessel occlusions, devices to control
the opening of spatial antennas,and in other applicationswhere they
areusedas sensorsand actuatorsforintelligentcompositestructures.

Several mathematical models that reproduce the SMA constitu-
tive behaviorhave been proposedin the last decade. In fact, different
micromechanical and macromechanical approaches can be found
in the literature in the SMA modeling. The micromechanics-based
models were developed using the thermodynamic frame work and
micromechanics of a single crystal and evaluating the energies in-
volved during the phase transformations. Moreover, these models
adopt homogenization techniques to derive the overall behavior of
the SMA.'™* On the other hand, the macromechanical models are
phenomenological models that are derived considering the overall
behavior of the SMA. This approachis useful for engineeringappli-
cations because of the relative simplicity of implementationin com-
putationalprocedures.In particular, Boyd and Lagoudas®® proposed
athermodynamicallyconsistentmacromechanicalmodel takinginto
account the phase transformations and the reorientation process in
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the SMA and consideringthe stress tensor and temperature as exter-
nal variables. Auricchio et al.” proposed a three-dimensional finite
deformations superelastic model within the generalized plasticity
framework, developing a suitable numerical procedure. Raniecki
and Lexcellen® developed a thermodynamic theory able to model
the pseudoelastic behavior of SMA introducing a Gibbs potential
depending on the temperature and the second and third invariant
of the stress deviator. Souza et al.’ proposed an interesting three-
dimensional model considering the strain tensor and the tempera-
ture as external variables in which the phase transformations are
governed by the second stress invariant. Qidwai and Lagoudas'®
presented a consistent thermodynamical model based on the prin-
cipal of maximum dissipation transformation considering general-
ized transformation function (Ja, J3, I, type). The most common
structural elements for SMA applications are beams, plates, and
shells. Thus, many efforts have been devoted to model and to pre-
dict the mechanicalresponse of beams, plates, and shells with SMA
imbeddings. Trochu and Qian'! presented a nonlinear finite ele-
ment model based on the plasticity theory to study a SMA spring
disc. Auricchio and Sacco'?~!* proposed simple and effective one-
dimensional thermomechanical models to study the superelastic
as well as the shape memory effects for SMA beams. Moreover,
they developed finite element formulations and suitable computa-
tional procedures. Lagoudas and Shu'’ derived a one-dimensional
for SMA wires to study the behavior of a flexible cantilever beam
with an externally attached SMA actuator.

In the past few years increased interest has been seen in reinforc-
ing laminated composite beams and plates with wires or layers of
shape memory materials. The SMA reinforcementshave the follow-
ing benefits: 1) increase the bucklingload significantly and improve
the postbucklingbehavior'6~!8; 2) reduce deflections and stressesin
plates subjected to low-velocity impact!'®; and 3) change the natural
frequencies of structures2%-2!

In the present paper the behavior of SMA laminated beams is
investigated. A layered beam structure with two SMA layersin per-
fect adhesion with the beam core is studied. The kinematic behav-
ior of the composite beam is modeled using the following theories:
1) the Euler-Bernoulli theory, that is, the transverse shear deforma-
tion is neglected®®~2*; 2) the Timoshenko theory, that is, the trans-
verse shear deformationis included*~%*; and 3) a new beam theory,
based on the layerwise approach*~27 which assumes a constant
shear deformation in the beam cross section and neglects the shear
deformationin the reinforcement.

The aim of the paper is to model the mechanical response of
laminated SMA beams. The constitutivemodel developed for shape
memory alloys is unique in the sense that it accounts for several
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features of the mechanical behavior in a single model. In particu-
lar, a computationally effective one-dimensional SMA constitutive
model that is able to reproduce the superelastic behavior as well as
the shape memory effect, the martensite reorientation process, the
differentbehaviorin tension and in compression of the material, and
the different elastic properties of martensite and austenite, is devel-
oped. In particular, it considers the transformations from austenite
to single-variant martensite and from single-variant martensite to
austenite, taking into account the influence of the temperature in
the constitutiverelationship. The proposed SMA constitutive law is
adoptedin developingbeam finite models that neglector include the
transverse shear deformation. The new SMA beam finite elements
are derived, using suitable approximations of the field variables.?’
The finite element models are developed with a numerical procedure
for the time integration of the SMA constitutive equations. In par-
ticular, the developed finite element models treat the SMA material
as reinforcements. Several numerical examples are presented to as-
sess the accuracy of the models. Simulations of interestingadvanced
applications of SMA devices are also developed.

The paper is organized as follows. Initially a temperature-
dependent one-dimensional SMA constitutive law is presented;
then, three finite element models based on the Euler—Bernoulli,
Timoshenko, and layerwise theories are developed;a computational
procedure for the time integrationof the time-dependentconstitutive
equationsis described in detail; finally, numerical results of several
examples are discussed.

II. Constitutive Model of Shape Memory-Alloy

Shape memory materials can undergo the following phase trans-
formations: 1) from austenite to single-variant martensite, 2) from
austenite to multivariant martensite, 3) from single-variantmarten-
site to austenite, 4) from single-variant martensite to multivariant
martensite, 5) from multivariantmartensite to austenite,and 6) from
multivariant martensite to single-variant martensite.

The possible transformations are schematically represented in
Fig. 1. The superelastic effect occurs when a loading-unloading
process is performed at a temperature greater than T/SA. The shape
memory effect is derived when combinations of temperature and
stress paths are performed.

To obtain a simple formulation for modeling the superelastic be-
havior as well as the shape memory effect, the analysis is restricted
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Fig. 1 Scheme of the phase transformations in uniaxial tension and
compression vs temperature.

to the case in which the temperature is greater than T**. Thus,
only austenite single-variant martensite phase transformations are
considered, as schematically illustrated in Fig. 1.

The austenite and the single-variant martensite volume fractions
are denoted as £, and &g, respectively. Becauseitis 4 + &5 =1,

a=1—& (D

Hence, the single-variantmartensite volume fractionis chosenas in-
dependent variable governing the phase transformations. Different
behavior is considered in tension and in compression. To charac-
terize the response of shape memory alloys, the following material
parameters are introduced:

1) E, and Eg are Young’s moduli for the austenite and single-
variant martensite, respectively; from the homogenization theory'’
the elasticmodulus of the austenite-martensite mixture can be com-
puted as

E(&s) = S 7V S— @
Es +&5(Ey — Ey)

2) ¢ is the recoverable strain representing a measure of the
maximum deformation obtainable aligning all of the single-variant
martensites in one direction; it is set as &, =32’ in tension and
&, =¢; in compression;

3) CAS and C54 are the Clausius—Clapeyron constants for the
phase transformations A — S and S — A, respectively;they are set
as CAS = CAS-+ and C54 = CS4* in tension and C45 = C45~ and
C54 = (54~ in compression (Fig. 1);

4)o S and U'/AS arethe startingand final stress for the A — Sphase
transformationat temperature T = TAM; they are setas o 'S = o A5+
and 0¥ =0 /*" in tension and 6" =0/~ and 0¥ =07 in
compression (Fig. 1).

The process of single-variant martensite production is governed
by the evolution equation'?

) GAS
£ =1 - &)HY ——— 3)
Sf.s — GAS
where
CAS
G*S = |g| = —T 4
le] z C)
oAS — cASTAM
S?.S — /E—S +e 5)
oAS — CASTAM
S?S — = 5 + ELSS (6)
GAS >0
HAS = 1 when SAS < GAS < S?_s )
0 otherwise A

The process of austenite production is governed by the evolution
equation [13]:

& =—¢ Y ®)
s — S S}SA — GSA
where
CSA
G54 =|E|_TT )
—CSATSA
§3 = —— L (10)
f E,
i (11)
s E LSS
G54 <0
HEA — 1 when {SjA<GSA<SSAS (12)
0 otherwise A
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During loading histories, the single-variantmartensite undergoes
areorientationprocess when a transitionfrom tensileto compressive
stress or vice versa occurs. To predict this effect, a simple model is
proposed. The total strain is obtained as

e=¢'+&B+a(T —Tp (13)

where ¢° is the elastic strain, f is an internal variable describing the
change of martensite reorientation,« is the thermal expansion coef-
ficient, and 7y is the reference temperature. The following evolutive
equation is assumed for the parameter B:

. {y[eLsgn(o) — Bllabs(c) — o551 when
B= 0 .
otherwise

abs(o) > oSS

(14)

where y is a material parameter measuring the reorientationprocess
rate and 055 is a limit stress that activates the reorientation process.
Note that o°% can assume different values in tension, o%% =55+,
and in compression, 055 = o 55:~,

Taking into account Eq. (13), the elastic stress-strainrelationship
is defined as

o =E[e —&pB —a(T — Tp)] (15)
III. Finite Element Models

The SMA material can be used as reinforcementsof elasticbeams.
Thus, in the following the behavior of a reinforced beam made of
three differentlayers is studied: two SMA layers, one on the top and
one on the bottom of the elastic beam core.

Three different SMA laminate beam models are developedin the
following:the classical Euler—Bernoulli, the Timoshenko, and anew
layerwise beam model. The beam length is denoted by L.

A. Euler-Bernoulli Beam Finite Element
First, the Euler-Bernoullibeam finite element modelis presented.
The kinematics of a laminated SMA beam can be expressed as

(Fig.2a)
u, = u(x) —zw'(x),

uz = w(x) (16)

where the prime indicates derivative with respect to x. The only
nonzero strain is
e =g + zk (17)

where gy = u’ is the axial strain and ¥k = —w" is the curvature. The
strain vector is introduced as

d
’ -_ 0
B u u
EZ{ U}Z{_ //}ZL{ }’ L= N —d2 (18)
K w w 0 -
dx?

The vector of stress resultantsis denotedas S = {N M}7, where
N is the axial force and M the bending moment

N=/crdA,
A

M=/zcrdA (19)
A

a)

Here o denotes the normal stress and A is the total cross-sectional
area of the reinforced beam, that is, the sum of the areas of cross
sections of the elastic beam core and the bounding SMA layers.

The nonlinear relations between the kinematic variables and the
stress resultants are solved through a numerical procedure. Equa-
tions (19) are written in residual form as

RN=/adA—N=0, RM=/zcrdA—M=0 (20)
A A

Equations (20) are solved using a Newton’s algorithm:

{0}= Ru (et ') +C{55+1_55} @1

0 RM(ES,Kk) ik + 1k

where C is the tangent constitutive matrix and the superscriptsk and
k + 1 indicate the iteration indices. Given the kth solution, that is,
[e, k*1, Eq. (21) canbe solvedin terms of (¢ T ', %+ ). The tangent
constitutive matrix is symmetric, and it is obtained performing the

derivatives of the residuals:

IRy do IRy do
C11=_= _dA, C12= = _dA
380 A 380 oK A oK
oR d aR d
Cy = M:/szA, C22=—M=/z—UdA
380 A 380 oK A oK

(22)

The indicatedintegrationover the beam cross sectionto determine
the residuals and their derivatives is performed analytically for the
elastic beam core by discretizing each SMA layer in layers and
applying the Gauss integration formulas within each layer.

The finite element formulation is developed introducing suitable
approximations of the displacement field (1, w). The axial dis-
placement u is approximated using linear interpolation, whereas
the transversal displacement w is interpolated using the Hermite
cubic polynomials*®:

u
{ } =NU (23)
w
with
uy
wy
N0 0 Ny O 0 0,
= ! 9 ! ol U= 24)
0 N N 0 N Nj U,
wo
6,
where (u;, w;) are the displacement of the ith node and 6; is the
rotation at the i node with 8; = —w’(0) and 6, = —w’(L). The two
sets of interpolation functions are
Ni=(0-§)/2, Ny =(1+¢§)/2 (25)
u X

c)

Fig. 2 Kinematics of the a) Euler-Bernoulli, b) Timoshenko, and ¢) beam models layerwise.
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Ny =—LE+D(E - 1D?/8

N} =—LE - DE+1)7/8
(26)

=(E+2)E - D?/4,
Ny =—(E—-2)¢E+1)7/4,

where £ is the normalized local coordinate. The tangent stiffness
matrix K of the nonlinear finite element problems is obtained as

K=/BTCde 27)
L
where B=LN.

B. Timoshenko Finite Element

Next, a Timoshenko laminate beam model is developed. It is as-
sumed that the the laminate undergoes a constant state of transverse
shear deformation according to the first-order shear deformation
theory.22=2* The kinematics of the Timoshenko beam (see Fig. 2b)
can be expressed as

up = u(x) + zp(x), uy = w(x) (28)
The strain field is given by
& =gy + zk, y=w+¢ (29)

where gy = u’ is the axial strain, x = ¢’ is the curvature, and y is the
shear strain. The strain vector is

d
— 0 0
/ dx
&9 u u
, d
£ = = 7] =Li{w s L= 0 0 d_
X
w' +
% % d
1w
dx
(30

The resultant stress vectoris denotedas S={N M Q}", where N
is the axial force, M the bending moment, and Q the shearresultant:

N=/adA, M=/zadA, Q=KS/rdA 31)
A A A

Here, o and t are the normal and shear stresses, respectively,
whereas K is the shear correction factor.
The residual form of Egs. (31) is

RN=/crdA—N=O
A

RM=/zcrdA—M=0
A

RQ=/rdA—Q=O (32)
A
which are solved using a Newton algorithm:
0 Ry (e i*, v et — ek
0f =3 Ruleb k" p*) t +C "+ — it (33)
0 RQ(E(IE,Kk’yk) yk+1 _yk

The tangentconstitutivematrix C is obtained performing the deriva-
tives of the residuals:

oR oR
Ch = = —dA Cp = = /_dA
880 380
oR 0
C3=0, Gy = 2= z Z
880 A 880
ORy do
Cyp = = | z—dA, Cy3 =0, Gy =0
oK L
oR
Cy, =0, Cyy = —Q = / —dA (34)

The integration over the beam cross section is performed numer-
ically to determine the residuals and their derivatives.

The finite element formulation is developed introducing suitable
approximationsof the generalizeddisplacementfield (#, w, ¢). The
axial displacement u is approximated as linear, whereas the trans-
verse displacement w is interpolated by the Hermite cubic polyno-
mials, and the rotation ¢ is approximated by quadratic functions® :

u
we =NU (35)
2
with
uy
wy
0,
IVN“OOON;OOOO—I o
N=|0 NN 0 0 N'NJ 0 0|, U= 1u,
OOON{’OOON;’N;’J wy
)
%)
(%]
(36)

where u;, w; are the displacementof the i node and 6; representsthe
Euler-Bernoulli slope at the i node and ¢; is the actualrotation. The
interpolation functions N/, N, and N/ are reported in formulas
(25) and (26), whereas the shape functions N[" are set:

NY =&[(E —1)/2], N =&[(E+1)/21, N =1-¢
(37
The tangent stiffness matrix K is obtained as
K= /BTCde (38)
L

where B=LN.

The Timoshenko finite element model requires the use of a two-
dimensional constitutive equation. On the other hand, for a wide
class of beam problems it is reasonable to assume that the values of
the normal stresses are generally greater than the values of the shear
stresses; moreover, itis apparentthat the normal stressinfluences the
phase transformationmore significantly than the shear stress. Thus,
the one-dimensional SMA constitutive model, proposed in the pre-
ceding section, is adopted also for the Timoshenko beam theory,
assuming that the phase transformationis governedonly by the nor-
mal stresses. Moreover, using the same homogenization technique
adopted in formula (2) to obtain Young’s modulus, one can set the
shear modulus as

G(&s) = SR/ S— (39)
Gs +&5(Gy — Gy)
where G 4 and G g are the shear moduli of the austenite and marten-
site, respectively.

C. Layerwise Finite Element

A new layerwise beam model is developedfor the particularstruc-
tural problem under investigation. The reinforced beam can be con-
sidered made of two different layers: two SMA layers, one on the
top and one on the bottom of a beam core. Thus, it is assumed that
the two SMA layers do not undergo transverse shear deformations,
whereas the core is subjected to a significant shear deformation.

The kinematics of the SMA laminate beam is obtained with ref-
erence to Fig. 2¢ by the expressions?> %7

ulczu—}—zgo, u§=u3c=w (40)

where the superscripts R and C refer to the reinforcements and to
the beam core, respectively. The meanings of the variables u® and u
for the proposed layerwise model are illustrated in Fig. 3. Note that
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R-
u

v X
—

| u

Z \4
I R+
u

Fig.3 Layerwise model: u, axial displacement of the core beam; u%—,
axial displacement of the reinforcement on the top; and u®*, axial dis-
placement of the reinforcement on the bottom.

R R—

u® =u®= and u® =u®* represent the axial displacements of the
reinforcementon the top and bottom of the beam core, respectevely.

Because of the interface displacement continuity between the
beam core and the reinforcement, one has

uk —zw' =u+zip=22uf =u+z,(p+w) (41)

where z; indicates the position of the interface of the SMA layer
and beam core in the laminate cross section. Thus, the displacement
field for the SMA laminated beam is given by

ul=u+z(e+w)—zw, u =u+zp, uf=u§=w
(42)
The strain field is computed as
ef = ef + 2k, yF=0
e =gl + 2, yC=p+uw (43)
wheresf =u’ 4z, (¢’ + w"), k® = —w”, and y ¥ are the axialstrain,

the bending strain, and shear strain of the reinforcement, while
e =uw, k¢ =¢', and y ¢ have the same meaning for the beam core.
The strain vector for the core corresponds to the one computed for
the Timoshenko model; on the contrary, the strain of the reinfoce-
ment is given by

R e u' +zi(¢ +w") N !
e’ = Rl = =L w (44)

"

K —w
%
where
d d? d
i %/
LF — dx (;:izx dx (45)
o 0
dx2

The layerwise beam model is obtained assembling the equa-
tions of the Euler—Bernoulli theory for the reinforcement and the
Timoshenko theory for the core. The governing equations for the
core correspond to the one obtained in the preceding subsection
adopting a linear constitutive law.

Equation (20) representsthe governingequation for thereinforce-
ment when theintegralis performedon the area of the reinforcement
Ap, that is, when it is set A = Ag. The tangent constitutive matrix
for the reinforcementis given by Eq. (22).

The displacementfield (u, w, ¢) is approximatedby Eqs. (35) and
(36), where the interpolation functions (25), (26), and (37) are con-
sidered for the axial displacement u, the transversal displacement
w, and the rotation ¢, respectively. The tangent stiffness matrix of
the layerwise finite element is obtained assembling the linear elas-
tic Timoshenko stiffness matrix with the tangent stiffness matrix of
the reinforcement obtained by formula (27) with B = LXN with N
specified in Eq. (36).

It should be emphasized that, according the proposed layerwise
theory, the one-dimensional SMA constitutive equation is required
in the reinforcementlayers. Thus, contrarly to the Timoshenko finite
element presented in the previous subsection, it is not necessary to

introduce approximations on the shear behavior of the SMA mate-
rial, but the one-dimensional constitutive model detailed in Sec. 11
is consistently applied.

IV. Time-Integration Procedure

The evolution equations governing the SMA phase transforma-
tions introduced in the preceding section are solved developing a
step-by-step time-integration algorithm. In particular, once the so-
lution at the time #, is determined, the solution at the current time
t,+1 =1, + At is evaluated adopting a backward-Euler implicit in-
tegration procedure?®** In the following, the quantities with the
subscript n are related to the preceding time step #,, whereas the
ones with no subscript are referred to the current step ,, ;.

The discretized form of the evolution equations (3) and (8) is

Ry =2s5(G* = §15) + (1 —£5)(G* = GIS)HS =0 (46)
Ry =g(G5" = $54) — £(GS* = G3)YHS =0 (47)

where

In41 .
As =/ Egdt (48)
t

Es = &5t As (49)

Note that the phase transformations austenite-martensite and
martensite-austenite cannot occur at the same time. Thus, when
HAS =1 then H54 =0 and, on the contrary, when H54 =1 then
HAS = 0. As a consequence, during the phase transformation only
one of the two residual equations (46) and (47) is not trivial and has
to be solved.

For H4S = 1 substitute Egs. (49) and (4) into Eq. (46) and take into
account the formula (2) giving the Young modulus E, one obtains

0=2s(=S5+G) = (1 —£5,)G2 + (1 —&5,)

x{lel = [Es + (&5, + As)(Ex — E9)1(C*S [ ELE5)T}

which gives the expression for the single-variant martensite incre-
ment during the finite step At:

)\-S=

(1 — &5 ){lel = [Es + &5, (Es — E9N(C*S [ ELE)T — G5}
(515 = G8) + (1 — £5,)(Ea — Es)(CAS [ ELE)T

(50

Following the same procedure for H54 = 1, that s, substituting for-
mulas (49), (9), and (2) into Eq. (47), results in

0= As(_SjA + GiA) - $S.n{|5| - [ES
+ (5.0t 35) (Ea — E)|(CH/EEs) T — G3*} (51)
which gives

 —Esuflel = [Es + &5, (Ea — E9))(CS  EAE5)T — G3}
B (54 = G$1) = &5u(Eq — E5)(C54 [ ELEg)T

As
(52)

The time integration of the evolution equation (14) of the reori-
entation parameter § when it occurs, that is, when abs(o) > oSS,
gives

Aty(er — B)(c — 055) when o > o055

p=Put {At}/(sL +B)o +0%%) when o < -0 (53

Substituting the expressionof o given by formula (15) into Eq. (53)
yields
ap>+bB+c=0 (54)

The coefficients of the second-orderequation (54) are as follows:
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For o > o5%:
a = E& Aty
b=—1—AtyE[e — a(T — Ty)] — Atye, EEg + AtyoSS
c=—Atye 0% + B, + Atye E[e —a(T —Ty)]  (55)

Foro < —o5%:

a=—FE&Aty
b=—1+AtyE[e — (T — Ty)] - Atye, E&s + Atyo®™
c=Atye o5 + B, + Atye Els —a(T — Ty)]  (56)
The differentiation of the constitutive equation (15) gives

do ={E"A[e — &B —a(T — To)| + E(1 — AB — Bés)}de (57)

where
oE d o 9
* = 9 _ = p=28 (58)
&g ae ae ae
In particular, one has
0E E,—E
s (59)
9&s EL E;

(1~ &,) sgn(e)
(545 = G8) + (1 — £s,) (Ex — E)(C*S [ ELES)T

if  HM =1 (60)

_Ss.n sgn(s)
(S5% = G3*) — Es u(Ex — Es)(C5* [ EAEs)T

it HA=1 (61)

_ E*Ale — £ —a(T — Tyl + E(1 — AB)
[+ Aty(o —o5%)/Aty (e, — B)] + Eé&g

it o >0% (62)

_EAle —&B —a(T — Tyl + E(1 — AB)
[1—Ary(o+0%)/Aty(eL + B)] + Eés

it o <05 (63)

V. Numerical Results
In this section numerical results obtained using the Euler—
Bernoulli, Timoshenko, and layerwise SMA finite elements are
presented. Initially, comparisons with three-dimensional analytical
solutionsare presented. Then, interestingapplicationsof SMA lami-
nates are presentedto discuss the superelasticand the shape memory
effects.

A. Comparisons with Three-Dimensional Analytical Solution

Consider a simply supported beam subjected to a sinusoidal dis-
tributed transverseload. The beam is characterized by a rectangular
cross section with an elastic core and elastic reinforcements on the
top and bottom. Two different materials are adopted for the core and
for the reinforcements. The geometric and material nondimensional
parameters are

hr/h=p
Gc/Ec =02 (64)

b/L =1,
Eg/Ec =25,

h/L = 0.08 ~ 0.26,
Gr/Ec =025,

where b, h, and hy are the thickness, the height of the cross section,
and the height of each reinforcement,respectively; L is the length of
thebeam; and Eg, E¢ and G, G ¢ are the Young’s and shear moduli
for the reinforcements and for the core, respectively. The analysis
is carried out for two different values of the ratio p = é and p = i.
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Fig. 4 Analytical three-dimensional solution vs Timoshenko and lay-
erwise finite element model solutions for a) p = % and b) p= %.

The numerical results obtained by the three laminate models dis-
cussed herein are compared with the three-dimensional analytical
solution. Computations are developed adopting a uniform mesh of
10 elements. In Fig. 4 the nondimensional maximum traverse dis-
placement winy = wh®E/(gbL?) vs h/L is plotted for p = L and 2.
From Fig. 4 it can be noted that the results obtained with the newly
developed layerwise model are very satisfactory because they are
able to approximate the three-dimensionalanalytical solution more
accurately than the Euler-Bernoulli or the Timoshenko models.

B. SMA Laminate Data

In the examples discussed next, the behavior of cantilever beams
reinforced by SMA layers on the bottom and top is investigated.
The material properties of the SMA reinforcements are as follows:

E, =47000MPa,  Es=17,000MPa, & =0.08
g, =006, G, =20000MPa,  Gg=8000MPa
T = 10°C, T =5°C, T54 =30°C
Ti=31°C, o/ =196MPa,  o;°" =196 MPa

o5 = 141 MPa

o5t = 140 MPa, y

C*S* =6 MPa/°C, C*5~ = 8.6 MPa/°C

CS4+ = 8 MPa/°C, 5~ =112 MPa/°C

o355+ =30 MPa, 055~ = 40 MPa, a =0.00002 (65)
These values correspond to the Ni-Ti alloys produced by GAC In-
ternational, Inc., and tested by Airoldi et al.>!
The material properties of the elastic beam core are
E.=10,000 MPa,

G,=4000MPa,  a,=0.00005 (66)



106 MARFIA, SACCO, AND REDDY

22

” ‘ /
18 s

16

F[N]

i

0 2 4 6 8 10 12

w [mm]

Fig.5 Superelastic behavior of the SMA laminated cantilever beam:
applied force vs transversal displacement at the free-end cross section.

Moreover, it is assumed that reinforced cantilever beam has a
rectangular cross section with

L = 12 mm, b =1mm 67)
where L is the length and b is the width of the rectangular cross
section.

C. Superelastic Behavior

Initially, the superelastic behavior of a beam subjected to a point
load F acting at the free end is investigated. The beam and rein-
forcements thicknesses are taken to be

h =1 mm, hz = 0.05 mm (68)
A loading-unloading history under constant reference temperature
T, = 60°C is considered.

Numerical results are obtained using the SMA beam finite ele-
ment based on the Euler—Bernoulli theory, considering a mesh of
three elements. In Fig. 5 the mechanical response of the reinforced
beam is plotted in terms of the concentrated force F' vs the tranverse
displacement w of the free end of the beam. The typical hysteretic
behavior of the superelastic effect of the SMA reinforcements can
be exploited to damp out vibrations.

D. SMA Actuator

An interestingapplicationof the SMA laminate is presented next.
In fact, the shape memory effect of the Ni-Ti layers is used to design
a cantilever beam, characterized by the material and geometry data
(65), (66), (67), and (68), as an SMA actuator.

The objectiveis to govern the transverse displacementof the can-
tilever beam performing temperature changes in the SMA layers.
To obtain phase transformation by temperature variations, the SMA
layers have to be prestressed in tension. To this end, the elastic
core is initially subjected to a precompression by applying an axial
displacement §. In particular, three different prescribed axial dis-
placements are considered in the computations: § = 1.80, 1.20, and
0.84 mm.

After the core precompression the SMA reinforcements are per-
fectly glued on the top and bottom of the beam. The laminate is
not loaded by external mechanical forces, but the two SMA layers
are subjected to the temperature history represented in Fig. 6. The
reference temperature is taken to be T, = 20°C. Different cycles of
temperature are considered for the upper and lower SMA reinforce-
ments. Because no external forces are applied on the cantilever, the
shear force is zero during the whole temperature history; therefore,
shear deformation is zero in the beam, which can be satisfactory
modeled using the Euler-Bernoulli element. In particular, a mesh
of only one elementis considered in the computations.

In Fig. 7 the axial and the transversal displacements of the free
end vs time is reported for the three different values of the pre-
scribed axial displacements 6. Although the axial displacement is
constant during the temperature cycles, the transverse displacement
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Fig. 6 Temperature cycles for the SMA layers applied on the top and
the bottom of the core beam.
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Fig.7 Displacement of the free-end cross section vs time for the actu-
ator controlled by the temperature of the SMA layers on the top and on
the bottom of the core beam.

undergoes remarkable variations. In fact, the changes in tempera-
ture induce significant variation of the laminate deflection. Thus, the
structure represents an accurate actuator with fine and simple tem-
perature control. Figure 7 also shows the significant dependence of
the cantilever response on the prescribed axial displacements ; in
particular, it can be pointed out that, by increasing the value of §,
the transverse displacements decrease.

E. SMA Actuator with External Force

The actuator proposed in the preceding subsection is reconsid-
ered. Now, the presenceof a concentratedforce F' () = Fi,,, g () act-
ing on the free end is assumed. The actual variationof g(¢) with time
t is shown in Fig. 8. Results are obtained assuming a prescribed pre-
compression § = (.84 mm, whereas three different values are con-
sidered for the maximum value of the external force: F,,, =25 N,
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Fig. 8 Loading history of the concentrated force F at the free end
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deformable actuator.
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Fig. 9 Displacement of the free-end cross section vs time for the actu-

ator loaded by a concentrated force and controlled by the temperature
of the SMA layers on the top and on the bottom of the core beam.

Firax =50N, and Fy,x = 100 N. In particular, the loading history in
terms of applied force F' and temperature 7 on the top and bottom
SMA layers is shown in Fig. 8.

Because of the presence of the external force F, the shear force
is not zero, and the shear deformation in the thickness direction is
not negligible. The layerwise finite element model is most suitable
for this case. A mesh of three elements is used.

In Fig. 9a the axial displacement of the cantilever end section
vs time is plotted. Negligible variations of axial displacement are
noted for three different values of the external force F'. Figure 9b
contains plots of the transverse displacementof the free end vs time.
The influence of Fy,,x on the mechanical response is clear. More-
over, the transverse displacement can be controlled by temperature
changes. In particular, for Fi,.x =25 N the 50% of the total trans-
verse displacement is recovered, heating the SMA layer at the top
of the beam.

F. Shape Memory Effect

As a final example, a comparison of the shape memory effect
predicted by the three beam finite elements is presented. The cross
section of the beam is constituted by an elastic core and two SMA
reinforcements, one on the top and the other on the bottom of the
beam. The geometric data used are

h = 3 mm, hg = 0.75 mm (69)

The cantilever beam, modeled adopting the three finite element
models, is subjected to the following loading history in terms of
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Fig. 10 a) Axial displacement and b) transversal displacement of the
free end cross section vs time for the SMA laminate loaded by a con-
centrated force and controlled by the temperature; comparison of the
three finite elements.
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Fig. 11 Shape-memory effect for the SMA laminate evaluated by the
three proposed finite element models.

concentrated force F applied at the free end and temperature of the
beam:

t=0s, F=0N, T =20°C
t=1s, F =20N, T =20°C
t=2s, F=0N, T =20°C
t=3s, F=0N, T =60°C (70)

Linear variations of the force and temperature are assumed within
each time step.

In Fig. 10a, a plot of the axial displacement of the end vs time
is shown. It is observed that there is very little difference among
the predictions of the Euler-Bernoulli, Timoshenko, and layerwise
models. The difference is more evident in terms of transverse dis-
placement vs time, shown in Fig. 10b, and in terms of force vs trans-
verse displacement, shown in Fig. 11, which represents the overall
mechanical response of the beam. It can be noted from Fig. 11 that
the mechanical response of the beam is strongly influenced by the
shape memory effect of the SMA reinforcements.

VI. Conclusions

A simple and effective SMA model is proposed. It is able to re-
produce the superelastic as well as the shape memory effect. Three
laminate finite element models based on three different beam theo-
ries are developed. In particular, the layerwise beam model devel-
oped herein is novel, and it is characterized by the same degrees of
freedom as the Timoshenko beam element. A numerical procedure
is also developed for the integration of the SMA evolution equa-
tions. The performance of the three models is investigated with a
number of problems. Results show very satisfactory behavior of
the layerwise finite element over the other models. Superlasticity
and shape memory effects were also investigated in the numerical
applications.

The constitutive as well kinematic models developed herein can
possibly be used to design simple and effective actuators. The study
demonstrates the sensitivity of the transverse displacement from
the temperature of the SMA layers. Moreover, it is shown that SMA
actuators are very effective because they are able to produce large
amounts of work; in fact, it is possible to recover as much as 50%
of the displacement as a result of the application of external forces
by performing temperature cycles on the SMA layers.
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